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An algorithm, based on a weighted form of Bumside’s lemma, is presented 
for the enumeration of isographs and oriented isographs. In the two-stage 
algorithm, the contributions to the sum of weights from diGrent cycles and 
cycle pairs of the underlying group are tirst listed and then ‘multiplied’ by a 
stagewise process. The elimination of the unwanted graphs in the different stages 
ensures that the computations are kept to the minimum. 
Particular results obtained include self-converse and self-complementary 
isographs and oriented isographs. Eulerian digraphs, etc. are then obtained by 
applying the Mobius inversion formula. 
1. INTRODUCTION 
This paper deals with the enumeration of certain classes of isomorphic 
digraphs defined on a finite vertex set V. The method of enumeration has 
as its basis a weighted version of Burnside’s lemma. This lemma states that 
the number of orbits of a permutation group on a finite set is equal to 
the average of the number of elements fixed by each element of the group. 
We begin with some definitions, and then describe the method. In the 
subsequent sections we supply the crucial step for applying the method 
to each of the enumeration problems we propose in this section. 
A digraph (V, E) consists of a vertex set V together with an edge set E. 
Since we do not want to consider digraphs with multiple edges or loops, 
E is assumed to be a subset of the ordered pairs of distinct elements of V. 
Also, we assume V is finite, and, for notational purposes, it will be 
convenient to put V = {l,..., n} for some natural number n. 
Two digraphs( V,E)and (V,F’)are defined to be isomorphic if there exists a 
permutation rr of V such that ((7nr, nv): (u, u) E E} = I?. Isomorphism 
is an equivalence relation on the set of all digraphs with vertex set V, and 
these equivalence classes are the objects which actually interest us. 
Suppose (V, E) is a digraph, and v E V; then the in-degree of v is defined 
to be the number I{u : (u, v) E ,??)I while the out-degree of v is defined to 
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be the number /{u : (v, u) E E}j. The total degree of u is the sum of these 
numbers, while the net-degree of u is defined to be the out-degree of v 
less the in-degree of v. 
A digraph is defined to be an isograph if every vertex of the graph has 
net-degree zero. An isograph is self-converse or self-complementary 
if it is isomorphic to its converse or complementary graph, respectively. 
The converse and complementary graphs of a given digraph (V, E) 
are digraphs defined to be 
(K KG 4 : (u, 4 E m and (K {(u, 0) : u, v E K u # v, (u, 4 # m, 
respectively. A digraph is an oriented graph if at most one of (u, v) or 
(v, U) is an edge for all distinct elements u and v of the vertex set. 
Our interest is in the classes of isomorphic digraphs of six types defined 
on a finite vertex set V. These types are: (i) isographs, (ii) self-converse 
isographs, (iii) self-complementary isographs, and oriented graphs 
of types (i), (ii) and (iii). We further classify these graphs by assigning 
weights to them. 
If a digraph G has I edges and the vertices have net degrees dl ,..., d,, 
we define the weight of a digraph as 
W(G) = xz . O(d, , d2 ,..., d,J (1.1) 
where 0 is an unordering operator which arranges the df in decreasing 
order of magnitude. 
The sum of the weights of the equivalence classes we are interested 
in can be computed with the help of a weighted version of Burnside’s 
lemma. This we state without details below. A discussion and proof of 
this result appears in the forthcoming book of Klarner and de Bruijn [5]. 
LEMMA (weighted version of Burnside’s lemma). Let S denote a finite 
set, let G denote a finite group, and let x denote a representation of G 
by permutations of S; Then S spIits into transitive classes of G under the 
representation x which are denoted by S, ,..., S, . Next, let w  denote a weight 
function defined on S, and let W(SJ denote the average weight of the elements 
of S, for i = I,..., k; that is, 
With these definitions and notations, it follows that 
(l-2) 
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In the present context this result reads as follows: The sum of the weights 
over equivalence classes of isographs of the six types mentioned above is 
(1.3) 
where S is the set of isographs of the appropriate type. Since, for an 
isograph, dl = d2 = +-- = d,, = 0, the unordering operator 0 plays no 
practical part in the final stage of the computation. For this reason, we 
write (1.3) as 
$0 c C(h (1.4) 
. DE&& 
where 
CC4 = 2 x2(4, 4 ,..., &I 
SES 
x(a)s=s 
and drop the operator 0 at the final stage of computation. In the subse- 
quent sections we describe an algorithm for computing the sum CGESn C(a). 
It turns out that this sum depends only on the cycle type of x(y), which 
in turn depends only on the cycle type of y. 
It is well known that Eulerian digraphs are weakly connected isographs. 
Using a procedure, originally due to Riddell and recently used by 
Robinson [3], we obtain the generating functions for non-isomorphic 
weakly connected isographs of types (i) and (ii) mentioned above and the 
oriented graphs of these types, thus extending the results in [3]. The 
procedure fails, however, in the case of self-complementary isographs 
and oriented isographs, since the presence of these properties in the 
components of a digraph does not ensure their presence in the whole 
digraph. The procedure we refer to is the following pair of inverse 
formulae: 
If g(x, y) and 2(x, v) denote the generating functions for all isographs 
and weakly connected isographs of any one of the four types referred to 
above, then 
1ogu + ax, VN = 5 f w, v”> 
n=1 
and 
+, Y) = c - 




where p is the Mobius function. 
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2. THE ALGORITHM 
In this section we give a general description of the algorithm. If 01 E S, 
has k cycles, we denote these by C, , C, ,..., C, . In the notation of the 
previous section, C(a) is obtained as the product of contributions from 
the individual cycles and pairs of cycles of 01, because such cycles and cycle 
pairs generate the lines of the graph. In the first part of the algorithm 
we derive expressions for these weight contributions. Though the part 
corresponding to the partition specification in the weight of a digraph 
is the n-tuple (dl , d2 ,..., d,) of the net-degrees, the individual cycles Cj 
affect only the lines generated by the points of C, and the cycle pairs 
(Ci , Ci> affect only the lines generated by point pairs from (Ci , Cj). 
It is further observed that, for isographs and oriented isographs, all 
the points of Ci occur with the same net degree in the contribution from 
Ci . This applies to the contribution from (Ci , Cj) pair also. Accordingly, 
in deriving the general expressions for the contributions, we adopt the 
convention of writing only the net degrees of Ci or those of Ci and Cj , 
respectively, although in working out the examples we write down each 
such contribution as a k-tuple in which the i-th coordinate for a single 
cycle contribution and the i-th and thej-th coordinates for a cycle pair 
contribution are the only non-zero entries. For the other categories of 
isographs, there is a further complication due to the fact that in some cases 
the points of Ci split into two sets, one of which gets a net degree di and 
the other a net degree -di , a similar situation arising even for contri- 
butions from cycle pairs (Ci , CJ. 
After writing out the contributions from individual cycles and cycle 
pairs of a(, we arrange them as follows: 
WEIGHT CONTRIBUTIONS 
Set (k - 1) G-, , (G-, , Cd 
Set (k) C, 
Now, C(a) is obtained by multiplying these factors. This is done in 
stages. First of all the subsets within the sets are multiplied. Then the 
contributions from the different sets are multiplied between themselves. 
Here multiplication means coordinate-wise addition and multiplication 
of coefficients of the k-tuples. While performing the multiplication among 
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the subsets of set (I), we retain only those terms in which the first coor- 
dinate is zero. These terms are again taken up for multiplication with 
the subsets of set (II). Here we retain those terms in which the first two 
coordinates are zero. Proceeding in this manner, we finally get a null 
vector for the specification part of the weight contribution. Dropping 
the null vector symbol at this final stage we get 
C(a) = c XI. (2.1) 
ses 
X(LY)Sd 
These weight contributions are then summed over 01 ES,, and divided by 
IZ ! to get the generating function. 
In the following sections we first give the formulae for the weight 
contributions Ci and (Cd , CJ corresponding to the different cycle types 
appropriate to each type of isographs. These are given in a closed algebraic 
form; the corresponding expanded form is given for the first type of 
isographs only. Next we give the generating functions obtained for a few 
small values of II and these are followed, in the case of isographs and 
oriented isographs of types (i) and (ii), by the generating functions for 
(isomorphism classes of) the corresponding Euler digraphs, obtained 
by using (1.6). The working of the algorithm is illustrated by a complete 
example for the first type of isographs. 
3. IS~GRAPHS 
Let 01 ES, have cycle structure 1C(4*1)2G(~*2) 9.. &sn). To obtain C(a) 
we consider the cycle structure of g, E S, , induced by cy. The digraphs 
left invariant by g, will be obtained by mapping each cycle of g, to 0 or 1. 
The isographs among these will have to be isolated by determining 
whether every point in such a digraph has equal in- and out-degrees. 
This we achieve by considering the cycles of g induced by different combi- 
nations of cycles of 01: 
(i) A cycle A of length p of c1 gives rise to (p - 1) cycles of g, each 
of length p. In each such cycle of g, every point of A appears twice with 
out-degree one and in-degree one. Since each such cycle is mapped onto 
zero or one, there are 2p-1 different combinations of mappings and each 
point of A gets zero net degree in each such combination. Using the 
notation (0) to denote the fact that each point of A has zero net degree and 
the weight x2 to denote the number of lines 2 in a cycle, the contribution 
to C(CX) from A is 
(x0@) + xw)“-l, (3.1) 
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which expands to 
g; (” ; l) x”i(0). (3.1.a) 
(ii) Two cycles A and B of lengths p and q give rise to 2(p, q) cycles 
Of& 3 each of length (p, q), which split into (p, q) converse pairs where 
(p, q) and (p, q) are the 1.c.m. and g.c.d. of p and q. In one cycle of a 
converse pair each point of A occurs (p, q)/p = p1 times with out-degree 
one and each point of B occurs (p, q)/q = q1 times with in-degree one. 
If this cycle is mapped onto 1, then (A, B) has degree specification 
(pl , -qd, where p1 and -ql denote the net-degrees of each of the points 
of A and B, respectively. If the corresponding converse cycle is mapped 
onto 1, then the degree specification for (A, B) will be (-p1 , q3. Thus 
the contribution to C(a) from (A, B) is 
wyo, 0) + X(“‘@(Pl , -ql)}(p*a) (x0(0,0) + x(“‘“)(-pl , ql)}(P*q) (3.2) 
which on expansion becomes 
gg mJ xm@+j) (pl(i - j), -ql(i - j)), 
where m = (p, q) and d = (p, q). This holds even if p = q. 
We illustrate the algorithm for digraphs with 3 points: 
(i) Let 01 = (l)(2)(3); set C, = (l), C, = (2), C, = (3). 
Set I. C, : no contribution. 
(Cl 3 c2>: ($($ XYO, 0,O) + (i)(i) x1(0+1)(-1, 1,O) 
+ (:,($ x1(1+0)(1, -1,O) + (:,(i) x1(1+1)(0,0,0) 
= (0, 0, 0) + x(-l, 1,O) + x(1, -1,O) + X2(0,0,0). 
(Cl 9 a: (QO, 0) + x(-LO, 1) + x(1,0, -1) + x2(0,0,0). 
Result after stage I multiplication: 
(0, o,o> + x2(0, 0,O) + x2(0, 1, -1) + x2(0, -1,l) + x2(0, 0,O) + x4(0,0,0). 
Set II. C, : no contribution. 
(C2 9 a: (0, 0, 0) + x(0, -1, 1) + x(0, 1, -1) + x2(0,0,0). 
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Result after stage II multiplication: 
(0, 0, 0) + x2(0, 0,O) + x2(0, 0,O) + x4(0,0,0) + 2(0,0,0) 
+ ~(O,O, 0) + x2(0, 0, 0) + x4(0,0,0) + x4(0,0,0) + xyo, 0,O) 
= (0, (70) + 3x2(0, 0,O) + 2x3(0,0,0) + 3x4(0, 0,O) + xyo, 0,O). 
Set III. C, : no contribution. Hence the result after stage III of multi- 
plication gives the following: C(a) = 1 + 3x2 + 2x3 + 3x4 + x6. 
(ii) Let 01 = (1)(23); set Cr = (l), C2 = (23). 
Set I. C, : no contribution. 
(Cl, C2): (0,O) + x2(-2, 1) + x2(2, -1) + xv, 0) + x2(0, 0). 
Since there is only one subset, we multiply this with Set II. 
Set II. C, : (0,O) + x2(0, 0). 
Result after multiplication: (0,O) + x2(0, 0) + x4(0,0) + xS(O, 0). 
Hence, for cy = (1)(23), (7(a) = 1 + x2 + x’ + 9. 
(iii) Let 01 = (123); set C, = (123). 
c, : (0) + 2x3(0) + xs(O). 
So, for 01 = (123), C(a) = 1 + 2x3 + 9. 
It is obvious that C(a) is the same for all (Y with the same cycle structure. 
Hence the generating function for non-isomorphic isographs on 3 points 
in terms of number of lines is 
I,(x) = &{(l + 3x2 + 2x3 + 3x4 + P) + 3(1 + x2 + x4 + 33) 
+ 21 + 2x3 + x”)> 
=1+x2+x3+xJ+xB. 
Similar working for n = 4 gives the following generating function: 
I,(x) = 1 + x2 + x3 + 3x4 + x5 + 49 + x’ + 3x8 + x9 + xl0 + x12. 
Using (1.6), the following generating functions are obtained for the 
corresponding Eulerian digraphs: 
n = 4: x4 + x6 + 32 + X7 + 3x8 + X9 + X1’ + X12. 
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4. SELF-CONVERSE ISOGRAPHS 
The generating function for non-isomorphic self-converse digraphs 
was obtained by Harary in [I] as F(Sz%, 1 + x) where 
and I(U) is given by formula (9) in [I]. To obtain C(a) we make use of 
the cycle structure I(a) of the permutation g, = ((12), IX) belonging to Sn*: 
(i) A cycle A of o! of length p = 2a + 1 gives rise to a cycles of g, 
of length 2p each. The contribution to C(a) from the cycle induced by A 
is, therefore, 
(1 + XQ(O))a. (4.1) 
(ii) A cycle A of 01 of length p = 2a where a is an even number gives 
rise to (a - 1) pairs of converse cycles and one self-converse cycle each 
of length p. Denoting the set of odd points of A by A, and the set of even 
points by A, (we always assume that the points of A are renumbered in 
terms of the first p positive integers, so that the reference to the parity 
here is to the order of the points in A starting from l), we observe that 
in some cycles the points of A, get 2 out-degree and the points of A, get 
2 in-degree. We may write this in terms of the net degree as (2A, , -2A,). 
However, since this feature of the degree specifications of A, and A, 
is valid in all the cases in which A splits like this, without fear of ambiguity 
we write the degree specification of A as (2). In the corresponding converse 
cycles the contribution is (-2). There are a/2 converse pairs which give 
a contribution 
(1 + xgQ(2))aja (1 + X7-2))+. 
The remaining (a - 2) cycles give isographs. The self-converse cycle also 
gives an isograph. Thus the total contribution is 
(1 + xy2>)“/2 (1 + xy-2))“/2 (1 + P(O))Q-1. (4.2) 
(iii) A cycle A of LX of length 2a where a is an odd number gives rise 
to (p - 2)/2 pairs of converse cycles each of length p and one pair of 
converse cycles each of length a. The total contribution is 
(1 + xp@>)2r (1 + x”(2))‘U + xq-2))T (1 + P(l))(l + x”(-l)), (4.3) 
where r = (p - 2)/4. 
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(iv) Considering pairs of cycles A and B of 01 of lengths p and q, we 
see that, if p and q are both odd, then the contribution is 
(1 + xm(o))d. (4.4) 
(v) If p is even and q is odd, then the contribution is 
(1 + xTp1 , w (1 + x”(-PI , w. (4.5) 
(vi) If p and q are both even, then the contribution is 
(1 + xr”(Pl 9 -4d)d’2 (1 + xmc--P, > qJ>“‘” (1 + xm(Pl 9 43)d’2 
* 0 + x9-PI, -43Y’“. (4.6) 
The generating functions for self-converse isographs obtained by the use 
of the above formulae for n = 3 and 4 are as follows: 
W,(x)= 1 +x2+x3+ti+xB; 
Sd,(x) = 1 + x2 + x3 + 3x4 + x5 + 49 + x’ + 3x* + x9 + XL0 + x12. 
The generating functions for the corresponding self-converse Eulerian 
digraphs are: 
n = 3:x3+x4+x6; 
n = 4: x4 + x5 + 3x6 + x’ + 3x8 + x9 + xl0 + x12. 
5. SELF-COMPLEMENTARY ISOGRAPHS 
Since a self-complementary digraph has &n(n - 1) lines, the line 
parameter in the weight function is not of interest here. Hence we define 
Also, we know from Read’s [2] enumeration of non-isomorphic self- 
complementary digraphs that only permutations CII of S, with cycle 
structure 1~(~.1)20(a.2)40(~.4),... with c(o1, 1) = 1 or 0 give non-zero contribu- 
tion to c(a). Hence we consider only such permutations 01 of S, and 
the cycle structure of the induced permutations g, of SF): 
(i) A cycle A of 01 of length p = 4a + 2 gives rise to (p - 2)/2 pairs 
of converse cycles and one self-converse cycle of g, each of length p. 
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For a self-complementary digraph we should have f(i,j) = (01) f(ai, aj). 
Thus every cycle gives rise to two subgraphs. Denoting the degree specifica- 
tion as in Section 3, the total contribution to C(a) is 
((1) + (-1))1+(8--2)/2 3%2,/2. (5.1) 
(ii) The contribution from a cycle A of length p = 4u is 
22’a-l’+l((l) + (- 1))2”. (5.2) 
(iii) If A is a cycle of length unity and B is a cycle of length p = 2a, 
then the contribution is 
(0, 1) + (0, -1) + w4 0). (5.3) 
(iv) Two cycles A and B of lengths p = 2a and q = 2b give (p, q) 
converse pairs of cycles of length (p, q). Here, unlike in the previous 
notation, the degree specification of the odd and even points of the cyles 
have to be separately specified since in the graphs from a given cycle 
the odd points may get an out-degree which is not equal to the in-degree 
of the even points, and conversely. So, in the modified notation, the degree 
specification is 
HP,-& 3 -qlBJ + (~~42 9 -qdW’2 
- K-PA 3 q,BJ + (-PA, 3 q92W2 
* NPA 9 -qJ2) + (PIA 3 -Qw’” 
- N-PA 2 qd&) + (-PA 3 q~BJ>“‘“. (5.4) 
However, on expanding this, we can write the product in the notation 
used in Section 3 as 
(PIG - j + k - 0, qdj - z’ + k - 0). (5.4a) 
Using the algorithm with the above contributions to C(a) we obtain 
the number of self-complementary isographs on four and five points to be 
sl, = 2 and S& = 6, respectively. 
6. ORIENTED I~OGRAPHS 
In this and the two following sections, we modify the results of Sections 
3,4, and 5 to obtain the corresponding generating functions for oriented 
graphs. The cycles and cycle pairs of 01 give rise to the same cycles of g, 
ISOGRAPHS AND ORIENTED ISOGRAPHS 109 
as in the previous sections. To pick out the oriented graphs among them 
we impose the restrictionf(i,j) = f(j, i). In the case of oriented isographs, 
the following are the contributions to C(a) from different cycles and cycle 
pairs of ~1; 
(i) A cycle A of length p = 2a + 1 gives the contribution 
(1 + 2x9(0))“. C-54 
(ii) The contribution from a cycle A of length p = 2a is 
(1 + 2x”(O))“-‘. (6.2) 
(iii) Two cycles A and B of lengths p and q give rise to the following 
contribution: 
(1 + Xrn(Pl 9 -q3 + XT-P1 9 43. (6.3) 
The generating functions for non-isomorphic oriented isographs for 
n = 3 and 4 are obtained as: 
01,(x) = 1 + x3; 
01,(x) = 1 + xs + x4. 
Applying (1 S) and (1.6) to the above results we see that there is only 
one Eulerian oriented graph on three points and only one on four points. 
These have, respectively, three and four lines. 
7. SELF-CONVERSE ORIENTED ISOGRAPHS 
Here we follow the working in Section 4 and modify the results to obtain 
only oriented graphs: 
(i) An odd cycle gives no contribution. 
(ii) For an even cycle of length p = 2a where a is even the contribution 
is 
(1 ‘+ P(2) + xZa(-2))a/2 (1 + x2@(O))(Q/2)--1. (7.2) 
(iii) The contribution from a cycle A of length p = 2a where CJ is 
odd is 
(1 + XV) + xq-2))7 (1 + 2xP(O))‘(l + 9(l) + x”(-1)) (7.3) 
where I = (p - 2)/4. 
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(iv) Two cycles of lengths p and q where p and q are odd do not 
give any contribution. 
(v) The contribution from two cycles A and B of lengths p and q 
where p is even and q is odd is 
(1 + X”(P, , 0) + e--P1 2 w* (7.4) 
(vi) If A and B have even lengths p and q, then the contribution is 
(1 + XYPl 7 -d + XT-PI 9 qwz (1 + X”(P, 9 41) + e-PI 9 -4w2 
(7.5) 
The generation functions for non-isomorphic self-converse oriented 
isographs on three and four points are: 
ScO13(x) = 1 + x3; 
ScOl,(x) = 1 + x3 + x4. 
The corresponding generating functions for Eulerian digraphs are: 
n = 3: x3; 
n = 4: x4. 
8. SELF-COMPLEMENTARY ORIENTED ISOGRAPHS 
From [4] we know that only permutations of the type 
lc(a,1)2~(~.2)6~(~.6) . . . 
with c(01, 1) = 0 or 1 give non-zero contributions to the weight function. 
Using the arguments given in Section 5, we pick out the oriented graphs: 
(i) The contribution to C(a) from a cycle A of length p = 4a + 2 is 
W(2) + (--2))” * ((1) + (-1)). (8.1) 
(ii) The cycle pair (A, B) where A is a cycle of length one and B 
of length p = 2a gives the contribution 
(0, 1) + (0, -1). (8.2) 
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(iii) The contribution from two cycles of even lengths p and q is: 
((PI 3 --43 + (-PI 3 q1w2 ((PI 3 43 + (-PI 3 -43)“‘“, (8.3) 
which on expansion gives 
) (PIPi + Y - 4, qIC% - W. (8.3a) 
Using the algorithm with these expressions for the contributions to 
C(a), we see that there is only one self-complementary oriented isograph 
with three points and none with four points. The number of self- 
complementary oriented isographs with five points is one. 
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